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Abstract— We present a tutorial focused on the applications
of control barrier functions (CBFs) to flight-critical aerospace
systems. This tutorial is motivated by the need for mathemati-
cally justified approaches to state and input limiting on various
aerospace systems, much of which is currently accomplished
using heuristic techniques. Here, we illustrate how CBFs - orig-
inally motivated by applications in robotics — provide a natural
framework for constrained control of aerospace systems. Our
tutorial encompasses both the theoretical foundations of CBFs
as well as real-world aerospace applications of CBFs.

I. INTRODUCTION

Aerospace systems, from drones to fixed-wing aircraft,
are subject to flight-critical operational constraints. These
constraints often manifest as hard limits on states and inputs
whose satisfaction ensure these systems remain in their
operational envelope using control inputs that do not exceed
physical actuator limits. For an aircraft, such constraints may
include, e.g., limits on the altitude, angle of attack, airspeed,
and control surface deflections. In practice, satisfaction of
these constraints is typically accomplished via hand-crafted
modifications of existing control architectures that require
extensive engineering effort to tune and do not provide
formal assurances of stability or constraint satisfaction.

From a control-theoretic perspective, constrained control
problems can be viewed through the lens of set invariance
[1]. A set is (controlled) invariant if there exists a controller
that ensures that all solutions that originate in this set stay
inside the set. For aerospace systems, satisfaction of various
state limits can be ensured by rendering the desired flight
envelope controlled invariant. Over the past decade, control
barrier functions (CBFs) [2]-[4] , originally motivated by
applications in robotics, have emerged as a mature tool
for enforcing set invariance in control systems. CBF-based
designs are not only backed by rigorous mathematical guar-
antees, but have also enjoyed practical success through their
deployment on a variety of complex systems.
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Fig. 1: Overview of CBF architecture for flight-critical systems.

CBF augmentation adjusts the outer loop path, i.e. reference com-
mand modification, and/or the inner loop via control augmentation.
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While CBFs have found success in robotics, their ap-
plications to other domains, such as aerospace systems, is
comparatively sparse. The purpose of this paper is to illus-
trate how CBFs automate state and input limiting in flight-
critical aerospace systems, backed by formal mathematical
guarantees. Starting from the foundations of CBFs, we
present techniques that facilitate the application of CBFs to
relevant aerospace systems. The efficacy of these approaches
are demonstrated with case studies involving real-world
deployment of CBFs on systems such fixed-wing aircraft.
Ultimately, we aim to provide applied researchers and prac-
titioners in aerospace controls a new set of tools for tackling
modern control problems, and to guide more theoretical
researchers towards relevant applications in aerospace.

This paper is organized as follows. In Sec. I-A, we discuss
background on approaches for enforcing operational limits
in aerospace systems. Sec. II provides a primer on CBFs.
In Sec. III, we discuss techniques for constructing CBFs for
relevant classes of systems. In Sec. IV, we outline backup
CBFs, which enable simultaneous state and input limiting.
In Sec. V, we illustrate how CBFs integrate into layered
guidance, navigation, and control architectures to perform
state limiting on complex systems. In Sec. VI, we discuss
how CBFs fit into more traditional servo-control approaches
and specialize various CBF techniques to linear systems. Sec.
VII unifies CBFs with adaptive control for systems with
parametric uncertainties. Sec. VIII discusses connections



between CBFs and constraint forces for distributed control.
Sec. IX concludes with a discussion on open problems.

A. Background and Related Works

The enforcement of state and control limits in dynamical
systems has long been a central problem in aerospace control,
where operationally-critical variables such as angle of attack,
load factor, pitch rate, actuator position, and structural limits
must remain within prescribed bounds. Early approaches
relied on state limiters, command limiters, and override logic,
often implemented as saturation elements (hard limits) or
min—-max selection architectures layered on top of nominal
controllers. Although effective in practice, these approaches
are often heuristic and piecewise-defined, which complicates
formal analysis and can introduce undesirable interactions
when multiple limits become active simultaneously.

A principled alternative to heuristic limiters for con-
strained control systems corresponds to Reference Governors
(RGs), which has been studied extensively since the 1990s
[5]-[11]. The RG, an add-on subsystem, seeks to achieve
a constraint handling capability that prevents transients and
large signals that may have the potential to induce constraint
violation. Operating between the reference command and
the input to the system (similar to the outer loop path
augmentation shown in Figure 1), RGs allow control design
to be separated from the task of constraint satisfaction.
The latter is achieved by constructing an admissible set
and performing a reachability analysis that ensures solutions
stay inside such a set by suitably governing the reference
commands.

Approaches leveraging the core tenets of analytical me-
chanics [12], with roots dating back to Lagrange, have
also been employed for classes of problems with state con-
straints [13]-[16]. The notion of constraint forces involves
geometric constraints that are enforced by augmenting the
system dynamics with reaction forces derived via Lagrange
multipliers. Conceptually, this framework closely parallels
CBF approaches: both enforce state constraints by modifying
the system dynamics along constraint gradients, with the
magnitude of the modification determined by optimization
principles. It should also be mentioned that other related ap-
proaches to ensuring constraint satisfaction have appeared in
the literature such as [17] which employed barrier certificates
and [18] which is based on non-overshooting control.

Recently, CBFs have emerged as a general framework for
safety-critical control of dynamical systems [2]-[4]. CBFs
encode constraint satisfaction as the forward invariance of
a set defined as the zero superlevel set of a barrier func-
tion h(z). By designing feedback controllers that enforce
Lyapunov-like inequalities on the derivative of h, CBFs guar-
antee that trajectories remain within this set. This approach
was formalized in [3] as a constrained optimization problem
and was shown to produce inputs that ensure satisfaction of
the state constraints while optimizing control objectives.

The idea behind CBFs can be traced to Nagumo’s seminal
work in 1942 [19] (see [20] for a translation) on forward
set invariance. The actual definition of a CBF, as employed

throughout this paper, was first introduced in [2], expanded
significantly in [3], [21] and several other papers over
subsequent years. We refer the reader to [4] for an excellent
survey on this topic. In addition to robotics [4], [22], CBFs
have been applied, more recently, to aerospace problems such
as quadrotors [22]-[26] and fixed-wing aircraft [27]-[29].

Although CBFs have become a popular tool in recent
safety-critical control research, earlier approaches remain
relevant. Early state limiters such as projections and hard-
limiters provided practical envelope protection mechanisms,
and can be viewed as passive methods for ensuring constraint
satisfaction. RGs and CBFs can be viewed as active methods
that employ reachability analysis and set-invariance to ensure
constraints. RGs continue to be attractive for applications
where preserving the baseline controller is operationally
preferable. However, their associated computational bur-
den and limited applicability to rapidly varying reference
commands may be disadvantages that can be overcome
with CBFs. CBF-based methods provide a flexible alter-
native, while remaining complementary to governor-based
approaches in applications where architectural modularity is
paramount. More work remains to be done to understand
how their combined advantages can be realized.

Lastly, throughout the literature, CBFs are commonly
referred to as safety filters [30], [31]. That terminology is
avoided here for two reasons. First, safety in aerospace
systems is a broad concept that demands rigorous all-
encompassing treatment. In this paper, safety only implies the
satisfaction of operational constraints. Second, for guidance
and control applications, we adopt the conventional notion
of filtering as an operator-based dynamic signal-processing
method to amplify, attenuate, or extract certain frequency
(or temporal) components of a signal. Because the design
philosophy and objectives for CBF augmentation differ, we
refrain from the label safety filter.

The evolution of constraint-handling methods in control
systems reflects a progression from heuristic and passive
limit management to active and increasingly systematic for-
mal approaches. CBFs represent a shift from supervisory ref-
erence modification to constraint enforcement at the control-
input level, and is formally presented in the next section.

II. A PRIMER ON CONTROL BARRIER FUNCTIONS

Foundations of Constrained Control. Consider a con-

trollable nonlinear control system:

&= f()+ g(@)u, (1)

where x € R™ is the state and © € R™ is the control input.
The function f : R™ — R™ is referred to as the drift vector
field and describes the behavior of (1) without any input. The
function g : R™ — R™*™ captures the control directions
whose columns represent the directions along which the
control acts. Note that the majority of physical systems can
be written in the form of (2) as well as any linear system
& = Az 4+ Bu with f(z) = Az and g(z) = B.

Throughout this tutorial, we will assume that the dynamics
in (1) are at least locally Lipschitz continuous to ensure the
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Fig. 2: The geometric intuition behind (6) for a set as in (5) with h(z) = 1 —z7 — 23 for various dynamical systems. Here the black circle
denotes 05, the streamlines represent the dynamics fq, the colored arrows denote the vector field fc at various points on the boundary,
and the black arrows denote the gradient of k. Note that the first two plots satisfy Nagumo’s Theorem while the final plot does not.

existence and uniqueness of solutions. More specifically, let
7 : R™ — R™ be a locally Lipschitz feedback controller;
taking u = 7(z) then produces the closed-loop system:

&= fa(z) = f(z) + g(z)m(z), 2
which admits a unique continuously differentiable solution
z(t) for each initial condition z. For ease of exposition, we
will assume that such solutions exist for all time.

The main objective of this tutorial is to demonstrate how
CBFs can be leveraged to design controllers for classes of
aerospace systems such that the corresponding closed-loop
system (2) satisfies state and input limits along its evolution:

xz(t) e C, wu(t)eU, Vt>D0. 3)

Here, C x U C R™ x R™ is an operational constraint set
describing state/input limits that must be enforced along
trajectories. To design controllers ensuring the satisfaction of
(3), we must characterize the set of initial conditions from
which these constraints are guaranteed to be satisfied for all
time—just because a given state/input is not currently in vio-
lation of a constraint does not mean these signals will satisfy
the constraints for all time. To design controllers meeting
operational constraints, we require a richer characterization
of constraint satisfaction via the notion of set invariance [1].
For clarity, in what follows we focus on state constraints C'
and defer a discussion on input limits to Sec. IV.

Definition 1 (Forward Invariance). A set S C R" is said
to be forward invariant for the closed-loop system (2) if
starting in .S’ implies solutions remain in S for all time:

z(0)eS = z(t)e S, Vt>0. (4)

Note the distinction between a forward invariant set .S and
a state constraint set C'. If one wishes to formally guarantee
that a closed-loop system satisfies a specified state constraint,
then one must identify a forward invariant subset of the
constraint set S C C'. Starting within S then ensures that:

x(0)eS = z(t)e S, Vt>0 = z(t) e C, Vt>0,

thereby guaranteeing satisfaction of the constraints for all
time. Of course, it is possible that C itself is forward invari-
ant but this typically only holds for very simple systems.
Nagumo’s Theorem. We now outline conditions under
which sets can be certified as forward invariant. Consider

a set S defined as the O-superlevel set of a continuously
differentiable h : R™ — R:
S ={x € R" | h(z) > 0},
0S8 ={x € R" | h(z) = 0}, 5)
Int(S) ={xz € R" | h(x) > 0},

where 05 denotes the boundary and Int(S) denotes the
interior of .S. In Sec. VI we will generalize (5) to sets defined
by multiple h’s. Before formally stating any theorems, we
aim to provide some geometric intuition into the conditions
under which S is forward invariant. The closed-loop system
(2) is characterized by a vector field f,; : R™ — R"™ that
assigns to each state x € R™ a vector f.(x) describing the
instantaneous rate of change of the state under the flow of
the dynamics. For S to be forward invariant, this vector field
must lie tangent or point “into” S for any x € 0S. For sets S
as in (5), the gradient %(m) points normal to any level set of
h, including 95 where h(z) = 0. Hence, when h(z) = 0, the
inner product 9% (z) fo) (), comparing the similarity between
the g—’;(x) and f(x), characterizes if f¢(x) points into or
out of S. Thus, so long as %(x) # 0 on 0S5, we have:

%(m)fd(x) >0 = fa(x) points into S,
h () fa(x) =0 = fa(x) is tangent to 3S,  (6)
%Z(ﬂ?)fd(x) <0 = fa(z) points out of S.

This geometric intuition is illustrated in Fig. 2 and is stated
formally below as Nagumo’s Theorem.

Theorem 1 (Nagumo’s Theorem). Consider a set S C R™
as in (5) and suppose that %Z(x) # 0 whenever h(x) = 0.
Then, S is forward invariant for (2) if and only if:

hz) =0 = h(z) = 9%(z)fa(z) > 0. (7)

Nagumo’s Theorem' states that S is forward invariant if

and only if fg is either tangent to or points into S on 05S.
For (7) to be meaningful, we require %(m) % 0 for z € 95,
else, (7) would be vacuously satisfied for any f.(z). Further
details on Nagumo’s Theorem, originally published in [19],
can be found in [1, Ch. 4] and [34, Ch. 4], with an English
translation of the original paper available in [20].

ITheorem 1 is a special case of Nagumo’s Theorem [19], [20], which
characterizes set invariance using tangent cones. Details on the connections
between Nagumo’s Theorem and Theorem 1 can be found in [32], [33].



Control Barrier Functions. Nagumo’s Theorem is a
complete characterization of set invariance for closed-loop
systems but does not state how to synthesize controllers
meeting such conditions. Any controller v = 7(x) rendering
S forward invariant must satisfy:

Ga(@) (f(2) + g(@)m(2)) = 0,

This condition, only placed at states on 05, leaves open how
to design such a controller at states away from the boundary.
One could insist on (8) for all z € S, which is sufficient
for (8) to hold, but is overly restrictive. Indeed, doing so
would render every superlevel set of h, not just the zero
superlevel set, forward invariant. This observation led to the
introduction of CBFs, which relax in (8) to:

%(w) (f(x) + g(x)r(z)) > —kh(z), Yz es (9

for K > 0. When h(x) = 0, the condition in (9) reduces to
that in (8); however, when h(x) > 0 the condition in (9)
allows for inputs that cause h to instantaneously decrease:
trajectories may approach 05 so long as they do not cross
it. Such inputs are guaranteed to exist when h is a CBF.

Vz € 0S. ()

Definition 2 ([3]). A continuously differentiable function
h : R® — R defining a set S as in (5) is said to be a CBF
for (1) if there exists x > 0 such that for each x € S:

sup {82(@) (/(a) + g(a)u)} > ~wh(z).

The CBF condition (10) states that for each x € S there
exists a u € R™ strictly? satisfying the decay condition
h> —kh, and, thus, forward invariance of .S. The parameter
x may be thought of as a CBF gain, with larger values
permitting trajectories to approach 0.S more aggressively.

The primary utility of CBFs is their ability to augment an
existing baseline controller m, : R™ — R™, e.g., a PID or
LQR controller, such that the augmented input satisfies (9).
This CBF augmentation (see Figure 1) takes the form [3],
(4], [35]:

(10)

m(z) =  m(r) + 7wae(zr) (11)
baseline controller ~ CBF augmentation
where:
0 G (2)g(z) =0,
() = v 12
ekt () {A@c)w (Z@)g@) L@gl) £0,

(@) (f(2) + g(@)mia(2)) + rh(z)
2) = max - ox )
Ax) {0 192 (2)g ()13, }

for a symmetric and positive definite W' € R™*™. The
intuition behind (12) is as follows. If the baseline input 7},
satisfies the CBF condition (9) at a state, then A\(xz) = 0,
implying that © = w(z) = mp(x), allowing the baseline
input to be applied. If the baseline input does not satisfy

2Strict satisfaction of (10) is sufficient to establish Lipschitz continuity
of CBF-based controllers. The original definition of CBFs in [3] leverages
a non-strict inequality, which requires additional, sometimes restrictive,
assumptions to ensure continuity. Further remarks can be found in [32].

(9), then (12) performs a least-squares projection of this
controller onto the set of inputs satisfying the CBF condition:

Ucht(z) = {u € R™ | F2(x) (f(x) + g(x)u) > —kh(z)}.

At such points, the total input u = m(x) = 7 () + Tepe ()
is the closest input u to mp(z) that satisfies u € Uepe(z).
Finally, the case statement in A from (12) is included to
prevent division by zero. Despite this case statement, (11)
can be shown to be locally Lipschitz continuous provided
the strict inequality in (10) holds [36]. We summarize this
discussion in the following theorem.

Theorem 2. Consider a control system (1) with locally
Lipschitz dynamics, a locally Lipschitz baseline controller
1, a state constraint C, and let h be a CBF for (1) defining
aset SCC asin(5). If % is locally Lipschitz, then:

1) The CBF augmentation in (11) is locally Lipschitz;

2) Taking the control as u = 7(x), with 7 in (11) renders

S forward invariant for the closed-loop system (2);
3) If x(0) € S, then x(t) € C for all t > 0.

Our presentation of CBF controllers is at odds with much
of the literature, where controllers are computed as the
solution to an optimization problem [3], [4]. While we have
not framed the controller in (11) from this perspective, it is
indeed the solution to the optimization problem:

min  ju — m1(z)|[F

uER™
subjectto 9 (z) (f(z) + g(z)u) > —rh(z),
which is a strictly convex quadratic program (QP). The
equivalence between (11) and (13) can be shown by noting
that the solution to (13) is characterized by the Karush—
Kuhn—Tucker (KKT) conditions [37], [38], which, for (13),
states that a pair (u, \) is optimal at a state x if and only if:

%(x7u7 A) =0 (stationarity)

9h(z) (f(z) + g(z)u) > —kh(z) (primal feas.)
A >0 (dual feas.)
A2 (x) (f(z) + g(x)u) + kh(z)] =0 (comp. slack.)
where )\ is the dual variable or Lagrange multiplier and:

L(.’IJ, U, )‘) :%Hu - 71—bl(x)H%/V*l

— A G2 (@) (f(x) + g(x)u) + wh(z)],
is the Lagrangian. One may verify that u = w(z) from (11)
and A = A\(x) from (12) satisfy the KKT conditions and are
thus the solution to (13). These conditions will play a crucial
role later in this paper in developing closed-form solutions to
more complicated classes of optimization-based controllers.

(13)

(14)

III. CONSTRUCTING CONTROL BARRIER FUNCTIONS

If a CBF h defining a set .S as in (5) is known, and this
set is contained within the state constraint set S C C, then
the CBF augmentation in (11) can be used to augment any
locally Lipschitz baseline controller 7y, to enforce forward
invariance of S and thus satisfaction of the state constraint
C. This approach is contingent on h being a CBF — one must
verify that the criteria outlined in Def. 2 is satisfied; else, the



controller in (11) may be ill-posed and fail at enforcing state
constraints. In this section, we outline how to verify that a
candidate CBF satisfies Def. 2 and present methodologies to
construct CBFs for classes of systems and constraints.

A. Verifying Control Barrier Functions

We begin by providing conditions to verify that a function
h is a CBF. We note that the sup condition in (10) is a concise
way to write: for each x € S there exists a u € R™ so that:

g (@) (f(2) + g(2)u) > —rkh(z). (15)
While finding a u for each x € S may seem daunting, this
process can be simplified by noting that the existence of
such inputs depends heavily on the behavior of %(m)g(x)
If %(:c)g(x) # 0 at x € S, then such an input satisfying
the above exists — take w as large or as small as necessary
so that the left-hand-side of (15) is larger than the right-
hand-side. However, if 9%(z)g(z) = 0 at = € S, then (10)
is only satisfied if the unforced dynamics, described by f,
already satisfy the CBF condition. This is summarized with
the following equivalent characterization of CBFs [36].

Lemma 1. A continuously differentiable function h is a CBF
if and only if there exists k > 0 such that for each x € S:

Ge(2)g(z) =0 = F(2)f(2) > —kh(z).  (16)

The power of Lemma 1 is that one need only verify (10)
at points where %(x)g(m) =0.If %(x)g(w) # 0 for all
x € S, this implies that h is a CBF. Note that Lemma 1 is
only valid for systems without hard input limits, i.e., uw € R™.
Input saturation will be addressed later in Sec. IV.

B. Constructive CBF Control

Having outlined conditions for verifying CBFs, we now
introduce procedures to synthesize functions that are CBFs
by construction. We begin this process by assuming that:

C= {x cR™: hc(y(x)) > O}, 17

where y : R® — R™ is a system output and h. : R™ — R
is an output constraint function. This output captures the
components of the state whose values we wish to limit —
for example, the position or angle of attack of an aircraft. For
ease of exposition, we assume that this output has relative
degree two with respect to the input, informally meaning that
the control input appears after differentiating the output twice
along system trajectories, although everything herein can be
extended to higher relative degrees. Formally, we assume:

%(m)g(aﬁ) =0, rank (%(m)g(m)) =m, Vz € R". (18)

where y(z) = %(x)f(x). Here, h(z) = h.(y(x)) is unlikely
to be a CBF since:

W) = Gz (y(2))j(@) = Gz (y(2)) G(a) f(x), (19
does not depend on u. We now present various methodolo-
gies to rectify this issue, each effectively extending h. to a
function whose time derivative does depend on the input.

High-Order CBFs. One way to use h. to obtain a CBF is
to differentiate h. until the control input appears, and then

impose conditions on higher-order derivatives of h.. This
approach first appeared under the name of exponential CBFs
[39] before being generalized to high-order CBFs [40], [41].

If (18) holds, then u appears in the second time derivative
of h, at a state x, so long as:

9 (y()) 2 () g () # 0.
With this, one defines the High-Order CBF (HOCBF):

W) =he(z) + fiche(y(x))
=G (y(@)g(@) + Kehe(y(2)),
for k. > 0, which defines S as in (5). The motivation behind
(21) is as follows. Suppose S is forward invariant so that:
h(a(t)) = he((t) + Kehe(y(x(1) 20, (22)

for all ¢ > 0, which implies that h, satisfies the closed-loop
CBF condition. If additionally xz(0) € C, then (22) would
imply that z(t) € C for all ¢ > 0 as well. Hence, if one were
to design a feedback controller 7 satisfying (9) with A as in
(21), and 2(0) € C'N S, then one would have z(t) € C for
all time. This is formalized with the following result.

(20)

2y

Theorem 3. Consider a control system (1) with locally
Lipschitz dynamics, an output y : R™ — R™ with relative
degree two, a constraint set C as in (17), and the function
h : R®™ — R as in (21) defining a set S as in (5). Let
m : R™ — R™ be a locally Lipschitz feedback controller
satisfying (9) with h as in (21). If z(0) € C NS, then the
closed-loop system (2) satisfies x(t) € C for all t > 0.

Note that the set S is not a subset of the constraint set
C'. Rather, HOCBFs enforce the forward invariance of the
intersection C'N.S, which ensures that x(t) € C for all time.

CBF Backstepping. We now present an alternative ap-
proach to constructing CBFs based on the concept of back-
stepping [42]. This approach is more complicated than the
HOCBF approach, but is often better suited for handling
outputs with a mixed relative degree, where different control
inputs appear at different orders of differentiation. While
backstepping has been around for decades, its unification
with CBFs is more recent [32], [43]-[47]. These approaches
are also related to the notion of “non-overshooting” control
from [18] with connections to CBFs established in [48]—[50].

To illustrate CBF backstepping, let y be a relative-degree-
two output defining a constraint set C as in (17). In back-
stepping, we pretend that y has relative degree one y = v for
a virtual input v. We then ask: if we could directly control 7,
how should we choose v? If the goal is to render C' forward
invariant, the answer is to choose v = m,(y) such that:

G (W) (y) > —rhe(y), (23)

so that h, satisfies the CBF condition for ¢y = v. Yet since we
cannot simply set § = m,(y), we must “backstep” through
7, to reach u, which appears in . This is achieved with:

. 2
h(x) = he(y(x)) — 5 [[9(2) = m(y(@)]|", @4
where the first term captures the original output constraint,

the second term penalizes deviations of y from the virtual
controller ,(y), and g > 0. This function defines a set S




as in (5), which satisfies S C C' since h(z) > 0 implies that
he(y(z)) > 0. So long as y has relative degree two, the input
“shows up” in the time derivative of A, and can be shown
to satisfy (16), implying it is a valid CBF. We formalize this
backstepping procedure through the following result.

Theorem 4. Consider a control system (1) with locally
Lipschitz dynamics, an output y : R™ — R™ with relative
degree two, a constraint set C as in (17), and let w,, : R™ —
R™ be a smooth function satisfying (23). Then, (24) is a CBF
whose zero superlevel set S satisfies S C C.

An interesting requirement in Theorem 4 is that the virtual
controller 7, must be smooth. Thus far, the only controller
we have presented capable of satisfying (23) is that in
(12), which is non-smooth due to the presence of the max
function. As discussed in [32], [44], [51]; however, this max
can always be replaced with a smooth over-approximation,
yielding a continuously differentiable 7.

C. CBF Construction for Fixed-wing Aircraft

We demonstrate these CBFs for a fixed-wing aircraft with
collision avoidance and geofencing [27]. The dynamics are
described by a three-dimensional Dubins model—a kine-
matic model that governs the evolution of the north, east,
and down position coordinates, pn, pg, and pp, the roll,
pitch, and yaw angles, ¢, 6, and 1, and the speed Vr:

PN|  [Vrcostycosd] [0 0O 0

DE Vi sin 1) cos 0 0 0 0

PD —Vrsinf 00 0 A
¢ |=| Rcos¢tanf [+|0 1 singtanf|| P |. (25)
0 —Rsing 0 0 cosg Q
¢ Sen? 00 ;

Vel | 0 ] [1 0 0 |

——

@ f(z) 9(x)

The first three rows of (25) model the velocity of the center of
mass; the next three specify the Euler angle kinematics based
on the angular velocities P, ), and R about the forward,
right, and down axes. The angular velocity about the down
axis, describing how the aircraft turns left or right, is:

— 9D &
R= V—Tbmqﬁcosﬁ,

(26)
with gravitational acceleration gp. The last row of (25)
relates the speed Vp to the longitudinal acceleration Ar.
The model (25)-(26) has seven states and three inputs.

We design a controller for the aircraft that avoids collision
with other aircraft and prevents crossing a geofence. These
constraints depend on the aircraft’s position, taken as the
output: y(z) = (pn,pr,pp). Note that the evolution of
position is not directly affected by the inputs and we have
%(m)g(x) = 0, necessitating the use of the HOCBFs and
backstepping to construct CBFs for control design.

Collision avoidance is captured by the constraint function
he(y) = ||y — Yeon|]l — peonns Where yeon is the position of
the object to be avoided, while p.. is a radius that accounts
for the combined size of the object and controlled aircraft.

Note that y.o;1 depends on time if the object is moving, e.g.,

when avoiding collision with other aircraft. Geofencing is
represented by the constraint hc(y) = n' (Y — Ygeo) — Pgeos
which defines a plane with normal vector n and position
Ygeo» and pge, 1s the distance to be kept from the geofence.
To ensure the satisfaction of multiple constraints simulta-
neously, such as the combination of multiple collision avoid-
ance and geofencing tasks, we can construct a combined
constraint function h. from individual constraints h; as:

hely) = 3 () e,

Here, h. is a smooth under-approximation of the minimum
of hc; with a smoothing parameter n > 0, so that enforcing
the combined constraint (h.(y) > 0) implies the satisfaction
of all individual constraints (h. ;(y) > 0 for all 7) [52].
The constraint h. is not a CBF since its derivative does
not depend on u, but h, can be used to generate a CBF via
HOCBFs (21). For collision avoidance, this leads to:

27

x co . .
hho(x) = ||y($) - ycollH — Peoll + %% (y(l‘) - yc011)7

while in case of geofencing we get:
th(I) = nT (y(I) - ygeo) — Pgeo T %nTy(x)’
and their combination (27) also yields a similar hy,.

Here, the CBF hy,, depends on the position y(z) and the
velocity ¢(z), and involves all of the states except for the
roll angle ¢. Thus, the time-derivative of hy, depends on two
of the control inputs, the acceleration Ar and the angular
velocity () related to pitching, but does not directly involve
the third input, the angular velocity P related to rolling. This
CBF could be used for control design; however, the resulting
controllers would only rely on acceleration and pitching to
ensure collision avoidance and geofencing, while they would
not force the aircraft to roll, even when beneficial to do so.

To induce rolling, we require a CBF involving the roll
angle ¢, which we can construct using backstepping (24).
We take hy, and use it to design a virtual controller by
viewing Ar, @, and R as control inputs. This produces
virtual acceleration Ar ,(x), pitching Q. (x), and turning
R, (xz) commands for collision avoidance and geofencing.
We then use the virtual turning command R, (z) to construct:

h(@) = hio(z) — 5 (R — Ry(x))?, (28)

which allows the aircraft to accelerate, pitch, and roll.

The resulting behavior is illustrated in Fig. 3. The aircraft
uses a baseline flight controller to follow a desired straight
path with constant speed. The aircraft must avoid collision
with another aircraft while staying on one side of the
geofences. This is ensured by combining the corresponding
constraints via (27), and generating the CBF through (28).
The resulting CBF is used by the controller (11)-(12) to
force the aircraft to decelerate, pitch, and turn, successfully
avoiding collision and flying along the geofence.

IV. BACKUP CBFS FOR RUN-TIME ASSURANCE

In the preceding sections, it is was assumed that (1) has
sufficient control authority to enforce CBF conditions for set
invariance. Yet many aerospace systems are limited by input
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Fig. 3: Simulation of (25) for simultaneous collision avoidance and
geofencing using the backstepping CBF (28). Position constraints
are successfully maintained by leveraging both acceleration, pitch-
ing, and rolling. These results were originally published in [27].

constraints imposed by actuators. Failure to account for such
limits could lead to actuator saturation and loss of overall
control authority. Hence, CBF designs must take into account
actuator limits when v € U C R™. When input constraints
are present, we use the notion of controlled invariance.

Definition 3 (Controlled Invariance). A set S C R™ is said
to be controlled invariant for (1) if there exists a controller
m:R" - U, u = 7(x), that renders S forward invariant.

In this section, we present the backup CBF method, which
offers a structured approach to synthesizing CBFs that adhere
to input limits. This approach leverages knowledge of a
backup maneuver (e.g., executing a coordinated turn) which
is carefully blended with a baseline controller to ensure
forward invariance. The technical details and applications
discussed in this section are based on [26], [53]-[56].

To use the backup CBF method, we begin by considering
a state constraint set C' as in (17) that is not necessarily
controlled invariant. To proceed, we consider a “backup” ma-
neuver, characterized by a feedback controller 7}, : R™ — U,
along with a smaller, more conservative “backup” set:

Sy = {z € R" | h(z) > 0}, (29)

where h:R™ — R is continuously differentiable. Impor-
tantly, we assume that i) S}, is controlled invariant and
renders Sy, forward invariant, and ii) S, C C. One may think
of S}, as a set from which the original state constraints can
always be satisfied (e.g., a small envelope around steady-state
flight), whereas m, is a feedback controller that brings the
system to this set of states while adhering to hard actuator
limits. While this set is controlled invariant, it may be quite
conservative to the point where CBFs generated from this set
may interfere too much with a baseline controller, which may
be detrimental to performance and robustness requirements.

The main idea behind the backup CBF method is to use S},
and 7y, as an initial seed for state and input limiting, which
is expanded to larger set of states by studying the flow of
the system under the backup controller:

%@b('ﬁ .’IJ) = fb(@b(7?$>)a (pb(oam) =, (30)

where fi,(z) = f(z) + g(a)m,(z). The flow (7, 2) is
simply the evolution of our system starting at state x, using
the backup controller, and evaluated at time 7. Based on (30),
we define the expanded set S C C as:

} , (BD

he(pp(T,2)) > 0,¥7 € [0,T],
h(pp(T,2)) =0
which is the set of all states from which the backup flow 1)
remains in the state constraint set C' up until time 7" and ii)
returns to the backup set after 7" seconds. Note that 7" > 0 is
a finite horizon that determines how far in the future the flow
is evaluated. We also note that in case fj, is linear, o, (7, x)
has an analytical solution, but for general nonlinear systems
this flow must be obtained via numerical techniques.

The definition (31) yields a powerful result: the expanded
set S is controlled invariant. We omit the proof of this
statement, but the interested reader is referred to [53] and
[56]. Informally, this can be verified by recognizing that 7,
renders Sy forward invariant, and m, satisfies the input con-
straints by definition. Having formally defined the expanded
set, we now present the main result of backup CBFs.

Slé{$ERn

Theorem 5 ([53]). Any locally Lipschitz controller w : R™ —
U, u=m(x) satisfying

}CLC(SDb(TvI)vu) 2 7"£hc(90b(7—7 1‘)), (32)

h(@b(Tv x),u) > —Iih((pb(T,.T)), (33)

for k > 0 renders the set St defined in (31) forward invariant
for (1), and implies that the state constraints will be satisfied
for all time. The backup controller T, is one such controller.

From Theorem 5, one can form an optimization problem
to solve for a control that enforces the forward invariance
of S7, whilst attempting to remain as close as possible to a
baseline controller’. This problem takes the form:

2w — ma(z)[|*  subject to  (32), (33), (34)

min
uclU
for all 7 € [0, T]. We note that, similar to (13), this optimiza-
tion problem is a strictly convex quadratic program when the
input constraint set U is a convex polytope. Because St is a
controlled invariant set, this optimization problem is known
to be feasible, even in the presence of input constraints.
The optimization problem in (34) yields a control signal
that satisfies the input and state constraints. However, for
some aerospace applications it is undesirable to solve a
numerical optimization problem in the control loop, e.g.,
when formal certification protocols do not allow for them.
Hence, some works [25], [26] have explored the notion
of controller interpolation, which involves interpolating or

3We note that in general, using a linear “CBF gain” « in (32) and (33)
may not be sufficient for safety assurance, and thus constraints (32) and
(33) are typically presented using a class-Koo function (-) [53], [56].



mixing controllers to achieve state and input constraint
satisfaction. Consider the mixed controller 7w, : R™ — U as:

T (2) = (1= p(@))moi (z) + ple)m (), (35)

where p: R™ — [0,1] is a blending function that regulates
the weights of each controller, 7, and 7},. Provided the base-
line controller satisfies input bounds, the mixed controller 7,
also satisfies these bounds. Under certain parameterizations
of this blending function, (35) can be shown to render Sy
forward invariant (see [25, Prop. 1]). One example is:

M(ﬂf) —e " max{hl(ac),O}7 (36)

with 17 > 0, where h; is defined as:
hi(z) 2 min { min he(spu(r, ), Ao (T, :v))}. 37)

Since hi(x) = 0 at the boundary of S;, when using (36) we
have p(xz) = 1, and thus 7, reduces to 7, which renders
St forward invariant. Meanwhile, in the interior of S, a mix
of the backup controller and baseline controller is used.

Blending approaches such as in (36) have illustrated suc-
cess on resource-constrained robotic systems [26], but must
be obtained through ad-hoc means, and may produce unde-
sirable behavior near 0.57. Recent work [54] addresses this
limitation by proposing a controller that optimally chooses
the blending parameter p. Though not discussed in detail
here, this optimal blending parameter can be obtained as a
closed-form solution to an optimization problem that seeks
to minimize p, subject to similar constraints as in (32) and
(33). Such an approach offers the best of both worlds—a
controller that ensures the forward invariance of Sy, whilst
minimizing the deviation from the baseline controller, and
bypassing the need for online numerical optimization.

To highlight the effectiveness of backup CBFs, we con-
sider an example of a fixed-wing aircraft in the presence of
geofencing constraints, originally published in [54]. Here,
we consider a slightly different model than that in (25) as:

& _P—&-N‘j—?sin(btanﬁ,_ 0o 0
0: %—ET’ (N?Vcosq? —¢ cos ) 0 0
dj ‘Z/i[():os [ 0 0
DN | _ Vir cos 6 cos 1 n 0 0 [u (38)
15}5 N Vi cos 0 sin 1) 0 O |ug|
H Vrsind 0 0=~
P L £ 0
N, T 0 L
LYz L P ] L |
& f(@) 9(@)

The derivation of these dynamics can be found in [57]. In
(38), the states ¢, 0, ¥, pn, pg, H, and P, and N, represent
the roll, pitch, and yaw angles, the north and east position
coordinates, altitude, roll rate, and normal load factor, respec-
tively. The constants Vr, gp, 7, and 7, are the true airspeed,
gravitational acceleration, and the time constants for the roll
mode and load factor dynamics, respectively. The bounded
inputs are the commanded roll rate u; € [~7F, 5]rad/s and
commanded load factor us € [—1,4] (representing normal
accelerations measured in gp that pull the aircraft up).
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Fig. 4: Simulation of the aircraft (38) comparing (34) (black),
the function-based blended controller in (35) using the blending
function (36) (pink) and the optimal blending approach (green).
All three methods obey the geofence constraint, though the blended
controller experiences oscillations along the geofence (top right).
These results were originally published in [54].

The state constraint is a geofence with location p, € R?
and normal vector ng € R? with ||ng|| =1. With p =
(pN, pE), the state constraint set C' is written as:

C2{zeR%: he(z)=ng - (p—pg) >0} (39

The backup controller tracks a circular orbit in the interior
of C' (a circular orbit that does not cross the geofence). Thus,
the backup controller renders a region around the circular
orbit invariant, since it will maintain this orbit indefinitely.
Details on the implementation may be found in [54].

Fig. 4 plots the simulation results comparing the approach
based on numerical optimization in (34), the function-based
blending approach, and the optimal blending approach. All
three methods successfully maintain the geofence constraint.
Further, they all satisfy the input bounds imposed by U, one
of the key advantages of backup CBFs. This example also
highlights the downside of the function-based blending ap-
proach. Since p is selected in an ad-hoc manner, the blending
parameter oscillates near the boundary of the geofence (see
Fig. 4(b)). In contrast, the optimal interpolation approach in
green induces a smooth transition near the boundary of C'.

V. LAYERED CONTROL ARCHITECTURES

The control stack for complex systems, such as fixed-wing
aircraft, are typically divided into multiple layers, with each
layer possibly using a different model representation of the
system or running at a different loop rate. The canonical



example of this is the guidance-navigation-control architec-
ture, ubiquitous in aerospace systems. Here, the control ar-
chitecture is typically divided into an inner-loop (control) that
tracks reference commands while ensuring essential stability
properties such as gain and phase margins, and an outer-
loop (guidance) that generates reference commands for the
low-level inner-loop controller. In this section, we present a
comprehensive framework for using CBFs in layered control
architectures (LCAs). We illustrate how implementing CBFs
at higher layers of the control architecture (guidance) using
reduced-order models to generate reference commands for
lower-level layers (control) has led to the successful deploy-
ment of CBF-based approaches on complex systems. We will
discuss the theoretical foundations for this approach as well
highlight successful case studies. The technical content and
applications in this section will be based on [58]-[60].

A. Mathematical Foundations of Layered Control

We focus on CBFs in LCAs consisting of two layers: a top
layer generating reference commands based on a simplified,
reduced-order model (ROM) and a bottom layer wherein the
full-order system tracks those commands. We assume that
the full-order dynamics are described by:

X =F(X,0), (40)

with state X € R and input U € R™. This could be, for
example, a high-fidelity six-degrees-of-freedom model of a
quadrotor or aircraft. For control design, we leverage a ROM:

= f(z)+g(@)ut+d (41)

with state z € R™, input u € R™, and disturbance d € R".
The ROM may represent, for example, the kinematics of an
aircraft or a simple single integrator model for a quadrotor.
The reduced-order state = captures variables that we wish
to constrain, such as position and orientation in case of
collision avoidance. These are selected from the full state
X via a state projection map x = p(X). Hence, the state
constraints of the full system are captured by the set:

S ={X eRY [ h(z) >0}, (42)

with a function h that is assumed to be a CBF for the ROM.
The reduced-order input w represents other state variables,
such as velocity or angular velocity, that determine the
evolution of the constrained states in z, and are given by
a control projection map u = ¢(X). They are viewed as
inputs to the ROM as well as reference commands that will
be tracked by (40). The disturbance d in (41) captures the
discrepancy between the ROM and the true dynamics of
the reduced-order states. We assume that d is unknown but
bounded, so that there exists § > 0 such that ||d|| < 4.

We employ a LCA that leverages both the full-order and
the ROM representations. First, we equip the full system
(40) with a low-level controller IT : R — RM U = T1(X),
that is able to track a reference command wu.s for the
reduced-order input u. This can be, for example, a flight
controller for a quadrotor that tracks velocity or angular ve-
locity commands. Second, we design a high-level controller
m:R®™ = R™, upws = w(x), that determines the reference

command based on the reduced-order state z. This will
done using a CBF for the ROM (41) so as to guarantee the
satisfaction of state constraints. For example, u..f can be a
CBF-based velocity at which a quadrotor must fly to avoid
collision. The key idea of layered control design is that state
constraints can be enforced for the full system if the low-level
controller tracks reference commands sufficiently well and
the high-level commands are carefully designed using CBFs.
Next, we provide the underlying technical requirements.
For the low-level tracking controller, we require that it
provides stable tracking of the ROM in the sense that there
exists a smooth Lyapunov function V : RY — R satisfying:

V(X) 2 Ju—n(@)[?, V(X) < V(X)) +0  @3)

This means that the low-level controller drives the tracking
error e = u — Uyef = u — m(x) exponentially to a neighbor-
hood of zero. The parameter v > 0 represents the conver-
gence rate and ¢ > 0 accounts for the fact that tracking may
be imperfect and the error e may not become exactly zero.
The design of tracking controllers may require knowledge of
the full dynamics (40). Such controllers are well established
and readily available on many aerospace platforms. Note that
V, 7, and ¢ do not necessarily need to be known for the
upcoming CBF design, we just need them to exist.

For the high-level controller, we employ a CBF h designed
for the ROM (41), and syntheisze a controller 7 such that:

5 (@)(f (@) + g(2)m(2)) = —wh(z)
+ 2155 @)g(@)|1 + 21135 (@)1
The first line contains the CBF condition (9), while the two
additional terms in the second line provide robustness against
the tracking error e and the model uncertainty d, respectively,
with tunable robustness parameters €,0 > 0. The condition
in (44) can be enforced by a modification of controller (11)-
(12) where the robustness terms in the second line of (44)
are subtracted from xh(x). The high-level controller contains
three important design parameters: the CBF gain « and the
robustness gains €, 0. As discussed below, if these parameters
are chosen carefully, then the LCA ensures the satisfaction
of state constraints for the full system.
The LCA can satisfy the state constraints for (40) under
the following condition. The CBF gain x of the high-level
controller must be chosen to be small enough so that:

(44)

v > K. (45)

This requires that the high-level commands do not allow the
ROM to approach state limits faster (given by x) than the
low-level controller tracks reference commands (given by 7).
Under this condition, we can construct a certificate for
the full system from the CBF of the high-level ROM and
the Lyapunov function characterizing low-level tracking:

H(X) = h(z) = ;V(X), (46)

with yo = 2(y — k). Then, we define the superlevel sets of

the certificate function H:

Sa={XeRV|H(X)>-A}, (47)



with A € R. It can be shown that Sa is forward invariant
for a specific value of A [59].

Theorem 6. Consider the full-order system (40) with the
ROM (41). Let a high-level controller satisfying (44) gener-
ate reference commands based on a CBF for the ROM, and
a low-level controller satisfying (43) track those commands.
If the CBF gain k satisfies condition (45), then the set Sa
in (46)-(47) is forward invariant for A = %(%62 + L)

m
X(O)GSA - X(t)ESA, Vvt > 0.

The value of A determines which level set of H is forward
invariant, and affects the satisfaction of state constraints. If
A =0, then X(t) € Sa implies z(t) € S, hence the state
constraints are satisfied by the full system. This is achieved
in the ideal scenario where the ROM accurately represents
the evolution of the reduced-order states (6 = 0) and the
low-level controller exponentially drives the tracking error
to zero (v = 0). Model uncertainties (§ % 0) and imperfect
tracking (¢ # 0) may lead to slight constraint violations
quantified by A > 0 in the sense that h(z(t)) > —A rather
than h(x(t)) > 0. These violations, however, can be made
as small as desired by decreasing the parameters o and e.

Overall, we can achieve practical guarantees for satisfying
state constraints on complex systems by using LCAs that
leverage low-level tracking of carefully designed high-level
commands. This requires: (i) a stable low-level controller
that tracks reference commands (as in (43)), (ii)) a CBF and
a corresponding high-level controller for the ROM (as in
(44)), and (iii) tuning the CBF gain x to satisfy (45).

B. High-fidelity Simulation of Fixed-wing Aircraft

Next, we showcase LCAs for fixed-wing aircraft. Fol-
lowing the results from [27], we highlight the design of
a CBF-based flight controller for the Variable-stability In-
flight Simulator Test Aircraft (VISTA)—a modified F-16 jet
shown in Fig. 5. In particular, we design a flight controller
for executing collision avoidance and simulate it on a high-
fidelity model of the VISTA. The flight controller leverages
a LCA: a high-level controller provides motion commands
and a low-level controller tracks those commands.

To capture the six-degrees-of-freedom dynamics of the
VISTA with high fidelity, we use an implementation of its
linearized, stitched model [61]. This involves a combination
of linear state-space models with time delays that were fitted
to flight test data at various flight conditions. The VISTA
model is equipped with a low-level controller capable of
tracking commands expressed in terms of power lever angle,
roll rate, and normal load factor. Furthermore, the VISTA
also has a neural network controller that provides these com-
mands for achieving stable wing-level flight at given altitude,
heading, and speed. The neural network controller, however,
does not account for collision avoidance constraints.

To ensure that the VISTA avoids collision with other air-
craft, we use CBFs to generate high-level commands that can
be tracked by the low-level controller. To this end, we use the
method in Section III-C, and design the high-level commands
using the 3D Dubins model and backstepping. First, we
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Fig. 5: High-fidelity simulation demonstrating successful collision
avoidance for the VISTA, from [27]. The VISTA uses an LCA,
where a low-level controller tracks acceleration and angular velocity
commands that come from a high-level controller designed for the
Dubins model (25)-(26) with a backstepping CBF (28).

view the neural network controller as a baseline controller.
We take its commands, and convert them into acceleration
and angular velocities (A, P, and Q). Then, we use the
CBF augmentation to modify these acceleration and angular
velocity commands using the controller in (11)-(12) along
with the 3D Dubins model (25)-(26) and the backstepping
CBF (28). Finally, the resulting CBF-augmented acceleration
and angular velocity commands are converted back to power
lever angle, roll rate, and normal factor, which are then
tracked by the low-level controller of the VISTA.

The resulting behavior is demonstrated in Fig. 5. Thanks to
its LCA, the VISTA successfully avoids a collision with an-
other aircraft. This is made possible by stable and sufficiently
fast low-level tracking of CBF-based high-level commands.
When designing these commands, the CBF parameter
needs to be selected small enough to overcome the effect of
transient tracking errors. This way, the high-fidelity aircraft
model avoids collision, even though the high-level commands
are designed based on a simplified kinematic model.

C. Flight Tests Using Guardrails

Finally, the LCA paradigm was implemented and experi-
mentally tested on the VISTA in collaboration with the US
Air Force Test Pilot School. The underlying control system
— called Guardrails — marks the first real-life execution
of CBF-based flight control on fixed-wing aircraft. Now
we briefly overview these experiments, with more details
in [29]. Fourteen test scenarios were executed during five
flights at the Edwards Air Force Base. During these flight
tests, Guardrails was used to supervise a human pilot and
enforce geofence constraints, altitude limits (ceiling and
floor), g-limits (i.e., limits on the normal load factor), and
the combination thereof, even in the case of adversarial pilot
inputs that intended to violate these constraints.
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Fig. 6: Flight tests demonstrating Guardrails on the VISTA, from
[29]. Guardrails modifies pilot commands to enforce a geofence
constraint, an altitude floor limit, and g-limits. This is achieved
using an LCA where a low-level controller (regulating the control
surfaces) tracks high-level commands (normal load factor and roll
rate) which were obtained based on the backup CBF-based blended
controller (35) and the reduced order model (38).

In these tests, Guardrails used an instantiation of the
backup CBF-based blended controller in (35) as in Sec. 1V,
which was designed based on the ROM in (38). The baseline
controller was considered to be the human pilot’s input,
and the backup controller was designed to execute a coordi-
nated turn while bringing the aircraft to a constant altitude.
Guardrails modified the pilot inputs to ensure the satisfaction
of both state and input limits. The resulting high-level
commands (normal load factor and roll rate) were passed to
a low-level tracking controller in the existing control stack of
the VISTA to determine required control surface deflections.

The results of one flight test are illustrated in Fig. 6.
Here, Guardrails enforced the combination of a geofence
constraint, an altitude floor, and g-limits, while the pilot
attempted to violate these constraints. Thanks to its LCA and
careful CBF-based control design, Guardrails maintained the
satisfaction of both state and input limits during the entire 10-
minute experiment. Importantly, Guardrails intervened only
when it was deemed necessary for enforcing constraints, else
it gave back the control authority to the pilot. That is, it
allowed the pilot to fly away from the geofence and the floor
and execute maneuvers within the g-limits, but it intervened
when the pilot tried to fly through the geofence or the floor
and in case of too hard pulls on the stick. By blending pilot
commands with CBF-based actions, Guardrails controlled the
jet with formal guarantees of satisfying operation constraints.

VI. MIN-NORM OPTIMAL CBF SERVO-CONTROLLERS

A resounding theme of the preceding sections is that
ensuring operation within a valid flight envelope while pre-
venting actuator saturation is critical for aerospace applica-
tions. While earlier sections addressed outer loop constraint
management, this section addresses CBF augmentations for
inner loop flight critical control applications, such as air-
craft primary flight control systems. Recent work ([62]—
[65]) presents a systematic design for robust linear propor-
tional-integral (PI) servo-controllers that enforce input and
output constraints. The proposed architecture applies directly
to inner loop flight control, where robust reference command
tracking requirements, Anti-Windup (AW) protection, and
operational constraints are simultaneously imposed.

Using Nagumo’s Theorem [19] and the Comparison
Lemma [66, Lem. 3.4], we derive min-norm optimal con-

trol laws—analogous to CBFs—that ensure constraint sat-
isfaction via an analytic continuous piecewise-linear state
feedback policy. Compared to standard CBF-QP practice,
the main advances are the operator—based conversion of
higher-relative-degree box constraints into enforceable linear
constraints [39], the closed-form min-norm solution, embed-
ded AW for PI controllers that accommodates input limits,
and tractable closed—loop dynamics that allow for classical
stability-robustness analysis. This makes the method espe-
cially applicable to LTI multi-input multi-output (MIMO)
applications, such as flight control, where analytic guarantees
and verification of closed loop performance are necessary.
Additionally, the CBF augmentation, traditionally computed
as the solution to an optimization problem, can be expressed
in closed-form, obviating the need to run an optimizer in
the control loop. We discuss the core theoretical foundations
of this approach and demonstrate applicability of the main
result to the longitudinal control of open-loop unstable short—
period dynamics. We refer to [62]-[65] for technical details.

A. Constrained Servo-Control Problem and Solution

Consider the control of an ng‘—order LTI MIMO system
whose state variables are accessible described by

jcp(t) = Apmp(y) + Bp“(t)v
yreg(t) = Opregxp(t) + Dpregu(t)a (48)
Zlim (t) = Cpnmxp(t)a

where z, € R"», u € R™ is the control input, ¥, € R™
represents the regulated output, and zj;,, € R™ is the limited
output. The control goal is to design w(¢) to achieve robust
tracking of an exogenous reference command ycq, While
ensuring that the operational limits

umin U(t) max
< < , 49
[f“m} = [aim(t)} = [f“m} @
—— = =
Z/]‘?,:,n Ylim (1) Ylim
are satisfied. To that end, we let
ubl(t)
u(t) £ —(K; 61/1( )+ prp(t)) +w(t), (50)
éyI (t) = yreg(t) — Yemd + U(t)7 (51)

which define the total control input as a baseline robust ser-
vomechanism state—feedback control law uyp,(¢) augmented
with w(t) € R™, and the integrated output tracking error
dynamics é,, (t) augmented with v(t) € R™, respectively.
With a robust baseline controller established, the next aim
is to derive a suitable augmentation mechanism for the
components, v(t) and w(t), such that (49) is satisfied. Next,
we reformulate the dynamical system using (48)-(51) as

T A T B Upl+Tebf

0C

éllI _ Pre Cy; I meg_ —Yemd TV
)= 0 %] (e lo ] o] o
Ylim = |:th:|

e 2]

Chm

(53)



where n = [~ylnq umT and 7oy = [v7 wT]T. The

dynamics in (52) and (53) are shown in block diagram form
in Figure 1, where the CBF augmentation is comprised of
both a reference command modification (through the AW
component of the integrated error state in (51)) and a baseline
control augmentation.

1) QP with Modified Operational Constraints and Control
Augmentation Solution: Prior to solving for the optimal
augmentation policy using a QP as in (13), we must in-
voke a standard modification often performed in constrained
optimization problems where the constraints show direct
dependence on the control augmentation policy m.,. This
modification entails the use of vector relative degree of
the system limited output with respect to the control input.
Thus, Yy, in (53) can be rewritten explicitly in terms of
relative degree, 1 < r; < n, Vi € {1,...,2m} system pa-
rameters such that (ylim)gri) = (Clim); [A"iz + A"~ Bu].
The corresponding constraints in (49) are then altered to
embed the forward invariance criterion from the Nagumo
Theorem using stable polynomials of order r;, with real roots
{Aij}i=1,.r € C such that (Yiim)i = 6i(s)[(yim)""]
with ¢;(s) = [}, (s —Aij) = D05 cij 8/ where s denotes
the differential operator % and 7; is the relative degree of the
i" limited output with respect to the control augmentation.
Hence, we define the system modified output Y}, as

leim == Hxx + Hﬂ (ﬂbl + 7chf) ) (54)

and the corresponding modified constraints from (49) as
*Yiim + Hylr‘ﬁgl) —

max

H (x, U1, Tepf) = ( Vi — Ky
1m

H Hamors + [‘H” ot b } <0, (55)

I max

Hyx + Hytp — syl

AH(z,ap)= [ AHy (w,1p1) }

AHs(z,an1)

with system state and control sensitivity matrices defined by

(Clim)1 H;lzl(A - Aljl)
H, = ’

(Chim)2m [T;27 (A = Azim);1)
(Ciim)1 A" 718
Hﬂ = )
(Clim)2mA™ 1B

with det(Hz) # 0, and the diagonal matrix x =
diag(cio, - - -, ¢amyo) With cio = [[[L,(=Aij) > 0,Vi =
{1,...,2m}. With the modified operational constraints (55)
now defined linearly with respect to the control augmentation

policy m,r, we consider the following QP formulation,
analogous to (13), as

(56)

(57)

min J(meps) = (15 s R
Tepr ERZM ( bf) ( cbf bf)
—1 (58)
subject to |: |:| Hﬁﬂ'cbf + AH(I,ﬂbl) <0,
which has a unique optimal solution 7},, = [v" wT]T

[37]. Choosing the cost function weight such that R, =

HJH;L > 0 in (58) with Hy in (57), decouples the KKT
conditions, yielding explicit computation of dual variables
from the associated primal feasibility constraints, resulting
in an piecewise linear optimal CBF augmentation solution

(—Hyx — Hatip + ky), AH;(z, ) >0,
Ty = H7 X —(Hpx + Hatin — kY22, AHs(z, 1) >0,
0 otherwise.
(59
2) Core Theoretical Foundations: This method integrates
three principal elements: Nagumo’s theorem, the Compar-
ison Lemma, and a min-norm optimal control formulation.
Nagumo’s theorem is used to convert box constraints into dif-
ferential inequality conditions on the system velocity at the
boundary, ensuring forward set invariance. The Comparison
Lemma enables extension to higher-relative-degree outputs
by introducing stable polynomial differential operators that
reshape scalar constraints into dynamically filtered outputs
compatible with first-order Nagumo conditions. These mod-
ified constraints are then enforced through a min-norm QP.
Owing to the quadratic cost (with R, chosen suitably), and
linear structure, the solution admits an analytic closed-form
solution derived from the KKT conditions.
The next section contains examples that complement the
theoretical derivations and demonstrates applicability of the
main result to flight control problems.

B. Applications to Flight Control

1) Scalar (Roll Subsidence Mode) Example: The follow-
ing illustrates two key components in the control augmenta-
tion design by deriving the modified constraints and the min-
norm solution for a scalar dynamical system (approximation
of an aircraft’s roll dynamics) with relative degree r; = 1,

P = Lpp + Ls, (up1 + mevf), (60)

where p (%d) is the stability axis roll rate, with virtual aileron
as the control input (rad), and an upperbound on the roll rate
h(p) = p — pPa* < 0. Since h(p) cannot be manipulated
directly, we use a stable polynomial operator ¢(s) = (s+ k)
to derive modified constraints with 7, s appearing explicitly:

H(p) = (s + r)h(p) = p+ k(p — Pl ") 61)
= Lpp + Ls, (upl + 7epns) + £(p — piim) < 0.

The key idea is to design the augmentation s such
that (61) holds, which, in turn, guarantees h(p) < 0.
Comparing to (55), it is clear that H,, = Ls, and H, =
(Lp + ). While any 7o, s satisfying (61) will render (60)
forward invariant with respect to h(p), we are interested in
a min-norm augmentation that only becomes active to avoid
violating constraints. In the scalar case, (61) can directly
be used for deriving this min-norm analytical augmentation

solution. Let
AH;(p, un) = Ls, upt + (Lp + K)p — kpiies, (62)

then (61) is given by Ls, mepr < —AHa(p, up1). Clearly, if
AH(p,up) < 0, then mepp = 0 is the min-norm solution.



If AHQ(]D, ubl) 2 0, Léaﬂ—cbf = —AHQ(p, ubl). Thus,

{_AHQ(paubl)y AHQ(pa ubl) 2 07

mhyy =Lyt (63)

0, otherwise.

Substituting (63) with (62) into (60) yields the closed-loop
dynamics as p = —kp + kpj 2" during constraint activation,
clearly demonstrating the cancellation of baseline control
while maintaining closed—loop stability.

2) Short-Period (Longitudinal) Dynamics: In this section,
we consider a second-order system derived from X-29A
aircraft data (see [67], Chapter 14.7). Thus, we define the
short—period longitudinal dynamics

3L ] L)
q M, Mq q My

e

(64)

where the state 2, = [a g] T is comprised of two components
that represent the aircraft angle of attack (rad) and the
body axis pitch rate (%), respectively. The control input d,
(rad) is defined as the virtual elevator input. Additionally,
we define the regulated output as C* which is a linear
combination of vertical load factor N, = % (G) and pitch
rate that follows yee = —IN, + 12.4q.

An open-loop linear model, trimmed to 1G wings-level
flight at V = 977%, h = 8000ft, and o = 2.8° is defined by

. [-2.241 0.9897 —0.2331 ©5)
Tp =1 4474 —0.9024| P T | —45.03 |

Yreg = [66.5 12.745]z, + 8.586u, (66)

which are unstable and non-minimum phase with respect
to the regulated output. In and of itself, such a system
presents a formidable challenge on the reachable levels of
stability, robustness, and performance via feedback control.
Designing a controller that additionally ensures satisfaction
of operational limits is desirable. To that end, we proceed
with designing the total control in (50).

We begin with the robust servomechanism architecture and
define an LQR state feedback baseline servo-controller as
upl = — Koz = —[K; K,Jz with K; = 0.01 and K, =
[1.4472 0.24008] with ¢é,, defined in (51), and Ycmq is a
C* reference command to track. K, was computed using
properly selected LQR weights that yield adequate stability
margins at the system input.

Output limits on pitch rate ¢ were selected, so that Cp,, =
[0 1] and 72 = 1. Following the construction above, the
augmentations 7.,y = [v w] " can be computed for the X29A
dynamics in (65) and (66) using (59) with H, in (56), H;
in (57) and Kk, = K., = 2. Pitch rate limits were varied from
+5 to :|:15% with J,. limited to 45°, below which there is
insufficient control authority for feasibility (see Def. 3).

Figure 7 shows simulation results for a large magnitude
doublet command, illustrating the reference command, reg-
ulated output, states, total control input, integrator error, and
corresponding CBF augmentation components. In the bottom
right subplot, pitch rate is plotted vs. the control input, with
the constraint limits annotated in red. As expected, tracking
performance degrades as the pitch rate becomes increasingly
constrained, yet the closed—loop dynamics remain stable and
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Fig. 7: Simulation results of the X29A short-period dynamics with
min-norm CBF augmented controller, C* command, pitch rate
limits {5,7,9,11,13,15} (deg/s), and d. constrained to +5deg.
bounded within the prescribed operational limits, clearly
demonstrating the benefits of this method. The next section
proposes a CBF architecture that fuses with adaptive control,
while considering the the same X29A dynamics.

VII. A CBF APPROACH WITH ADAPTATION IN THE
PRESENCE OF UNCERTAINTIES

When significant parametric uncertainties are present,
adaptive control is needed both to restore command fol-
lowing performance and to ensure constraint satisfaction.
Recent work has developed methods for designing adaptive
controllers with CBF augmentations that can simultaneously
realize a safety objective and a tracking objective with
minimal conservatism [68]-[70]. In this section, we show-
case this control design in the context of the X-29A short-
period longitudinal dynamics in (64)-(66), modified with an
uncertain actuator loss of effectiveness \.:

Tp = Apxp + BpAiu. (67)
We assume that \, € L := [\, \] for known bounds \ >
A>0.

It should be noted that control of (67) is a non-trivial
problem since the parametric uncertainties make the determi-
nation of a stable and safe control input highly difficult. This
is especially due to the fact that (67) is open-loop unstable
and we impose constraints on states that include an unstable
zero. A reduction in control effectiveness, therefore, can
directly compromise the ability to simultaneously stabilize
the system and satisfy constraints. Our overall objective is
for the output 3¢ in (66) to track a reference ycma stably,
while requiring the states in (67) to lie in

C={r,€R*:a€a,al,qc lq,q]}- (68)
A. Adaptive Control Design
We propose an adaptive controller
u =0 (un (@) + 7o), (69)
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Fig. 8: The smoothed set S (blue), the curve (;’Tth = 0 (red),

and the boundaries of Z (dashed black lines), and A (black), in the
original and transformed state spaces. In this example, C' in (68) is
characterized by @ = —a = 0.087rad and g = —q = 0.26rad.

where =z = [e;—l,x;]—r [67], upi(z) = —Kgzr =
—[Ki, Kp)Tz as in Section VI-B.2, K,, is chosen so that
A = A, — BpK, is Hurwitz, K; is chosen so that A, :=
A — BKq, is Hurwitz with A and B defined as in [67], Jis
an estimate of 1/\,, and 7.¢ is a CBF augmentation as in
(11). The reference model, representing the desired closed-

loop dynamics, is given by

Em = Am@m + Bp(Kiey, + Tobt). (70)
We adjust the parameter estimate as
9 = —y(up () + ”’be)B;—.Pem, (71a)
I- {?9 gfhzrjvi:f 2OVISSATE0 gy
where v > 0, and P = PT > 0 is the solution to
Al P+ PA,, = -Q, (72)

for any symmetric positive-definite (). Global stability and
tracking of z,, by = can be guaranteed using well known
methods [71] for any bounded 7r¢p¢.

B. CBF Augmentation Design Under Uncertainty

We now design the CBF augmentation 7.t in (69) using
an Error-Based Safety Filter (EBSF) proposed in [70]. This
choice is given by

Tebf = arg min %||r||2
reR

subject to I/\IIEIILl v(xp) [(1 = (@, €2)) hres (2, 7)
+ M(-Tpa ew)ﬁrobust (ma r, '37 )\)]
> —rh(zp) + 0,
for any constants k > 0, dyg € (0,dy), and § € (0, kdp),

'~

where hyef(w,7) and hropust (2, 7,9, \) are given by
et = 367}; (Apwy + By (uni() + 7ent)) 5
Erobust = %(Apxp + B;,,)\l? (ub1($) + T’be)).

(73)

(74)
(75)

To obtain h in (74)-(75), we use the log-sum-exponential
approach described in (27) as follows:

Map) = =20 (Toey exp (~nho(2y)) )
cq(q

g) ) hﬁ(xp) =

(76)

hg(xp) = cq(q — - q),

where x = {a, @, ¢,q} and 7,¢4 > 0. p(xp,e,) represents
an error-based interpolation given by

20, T
M(.Tp)ew) = sat (max{g(leml),zggé} h(dl’)> ) (77)
max{g(lles ), 25 }— 2

for any g € K., where sat(z) is a standard saturation
function with range and domain [0, 1] and

v(xzp) = sat (%ﬁ”) ,
is a relaxation term that ensures that 7.,y 7 0 only when
h(zp) is sufficiently small.;s and v are both parameters that
interpolate between constraints in the optimization prob-
lem.With r.¢ specified as above and the adaptive controller
in Section VII-A, the main result of this section follows. In
Theorem 7, we define S := {z, € R? : h(z,) > 0} C C,
and Z is a subset of S that can be shown to exist [70].
Examples of S and Z are sketched in Fig. 8.

Theorem 7 ([70]). Let z,(0) € Z and ﬁ € L. Then, the
closed-loop adaptive system consisting of (67)-(78) has the
following properties:

1) zp(t)e SC C VYt >0,

1

2) @ e LVt>0,
3) x(t), 2 (t), rebe(t), €2 (t) € Loo,
4) limy o0 |lex(t)]] = 0, and
5) tevsy > 0 such that p(xy(t), e, (t)) =0Vt > tepss.

(78)

Intuition for h,.¢. Intuitively, Aot (2, 7cps) approximates
%h(xp) for the closed-loop dynamics when there is no
uncertainty, i.e. when e, = 0. . is designed so that, whenever
e; ~ 0, we have u(zp,e;) = 0 except when h(z,) ~ 0,
and thus 7. is a standard CBF augmentation based on the
reference dynamics for almost all states in the interior of S.

Intuition for h,opust. In order to ensure forward-
invariance of .S, we must ensure that %h(xp) >0V, € 05,
regardless of the value of e,. To that end, we ciefme Rrobust
in (75) such that 4h(z,) = heobust(z, 7,7, As). Then,
whenever v(z,) = p(zp,e;) = 1, the minimization over
A € L ensures that (73) produces a controller which is robust
to the worst-case parametric uncertainty. Finally, (77) and
(78) are designed so that v(xp,) = pu(zp, e;) =1 Vo, € 0S.

Finally, we note that Theorem 7 ensures that Probust brings
in conservatism when adaptation is active, and the rest of
the EBSF design ensures that the conservatism vanishes as
adaptation ceases and does not require parameter learning or
external excitation. We refer the reader to [70] where it is
shown that (73) can be transformed into a QP problem.

C. Numerical Experiments

We now demonstrate the efficacy of our control design in
simulation. We simulate a loss of effectiveness of A, = 0.3
with a priori bounds A = 0.15 and A = 1, and we choose
state constraint values § = —q = 15°/s and @ = —a =
5°. The commanded output y;md is chosen as a series of
smoothed step functions as in [67]. For illustrative purposes,
the magnitude of y.mq is chosen as C* = 10 (G). The
controller parameters are chosen as in [67], Chapter 14.7,
with the following distinctions: v = 30, x = 10, n = 50,
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Fig. 9: Simulation results compared for four closed-loop systems:
the ideal controller with A, known (blue), the non-adaptive base-
line controller with CBF augmentation (red), an adaptive tracking
controller with a standard non-adaptive CBF augmentation (purple),
and the proposed adaptive controller with EBSF (green).

and ¢, = 0.02. We obtain the interior invariant set Z C S
as illustrated in Fig. 8.

Figures 9a-9d show simulation results for the baseline
controller with a non-adaptive CBF augmentation, a standard
adaptive tracking controller with a non-adaptive CBF aug-
mentation (obtained by setting ¢ = 0 in (73)), our proposed
control design, and the ideal controller which corresponds to
a known \,. It is readily apparent from Fig. 9 that adaptation
is needed for stability under the parametric uncertainty. As
shown in Fig. 9a, both adaptive controllers asymptotically
converge to the ideal controller. However, as shown in Fig-
ures 9¢-9d, EBSF is effective in preventing state constraint
violations during the transient period of adaptation, towards
the start of the simulation.

VIII. DISTRIBUTED CONSTRAINT FORCES FOR
GUIDANCE AND CONNECTIONS TO CBFs

This section introduces the method of Constraint Forces
(CF), adapted from [13]-[16], [72], [73], for inter-agent col-
lision avoidance, and provides connections to the foundations
of CBFs introduced earlier in this tutorial. Guidance system
dynamics are commonly modeled using nonlinearly-coupled
double integrator dynamics (c.f. [14], [15]), where one may
design a dynamic inversion-based controller that transforms
the nonlinear dynamics into the form of decoupled double
integrators, in three dimensions [14], [15]. We begin by
assuming such a dynamic inversion controller has already
been integrated, with the starting point as fully decoupled
double integrator dynamics. Consider n agents indexed by
1, which are modeled as a double integrator with position
x € R3, input acceleration command v € R?, and dynamics:

T = uy, (79)

implying three-dimensional acceleration inputs are available.
Note that the analytical method presented herein with closed-
form solutions may be applied to other classes of nonlinear

dynamics, see for example [13]. CBF methods using numer-
ical processing-based quadratic programming solvers have
also been explored more recently in [74] and [75].

The set of n agents is denoted as V = {1,...,n}. An
interaction distance r and a minimum separation distance 7
where 0 < ry < r are defined in the method of constraint
forces [15], as shown in Fig. 10 in the example of two dimen-
sions. Agents within the interaction distance r of one another
are referred to as neighbors with an associated information
link between agents formed. In particular, the neighbors
of agent 7 may be expressed mathematically as N (i) =
{j € V:|lz; — ;|| < r,j# i}. The problem addressed
in this section is the design of a constraint forces-based
collision avoidance increment, which augments a baseline
control input, similar to the CBF augmentation in (11). In
particular, for each agent ¢, the total input in (79) is designed
as the addition of a nominal baseline input wu; 3 € R3 and a
constraint forces-based augmentation u; .y € R3 as:

Uy = Ui pl + Uicf- (80)

-——
-~
/’ ~

Fig. 10: Overview of distances between two agents.

The position of each two vehicle pair may be expressed
by a concatenated position vector of the form:
Tij = [l‘l X,

] Vi, j €V, i#j. (81)

Similar to (81), the concatenated form of the baseline in-
put and constraint forces-based augmentation are w;;p =
(uyyul )T wijer = (W) pul )T Vij € Vi £

i,bl) Yj bl ij,cf iefr Wief ) J v J-
A constraint function amongst each two agent pair i, j
is formed from the minimum separation distance rs and
interaction distance r of the form [15]:

b ( ) 1 [ . (0 ||$i_‘er —’I“):|2
i (Li) = — [N N T TE— .
T2 @i — 25| =7

As shown in Fig. 11 the constraint function is positive in the
buffer region between the minimum separation distance 7
and interaction distance r. It smoothly decays to zero, and
thus becomes inactive beyond the interaction distance r. The
constraint increases toward infinity within the buffer region,
as the distance between agents tends towards the minimum
separation distance ;. The inverse of the constraint, 1/ ®ij
may be compared to the specification of the CBF function
h and set S in (5), where 1/¢;; is positive in the desired
constraint region, beyond the minimum separation distance
rs, and decays to a value of zero at r;.

As the dynamics (79) are of relative degree two, with
an acceleration-based input with respect to position as the
variable for collision avoidance (as in the constraint function
in (82)), two time derivatives of the constraint function must

T T]T
)

(82)
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Fig. 11: The constraint function between two agents, and its inverse.

be calculated, to arrive at the input. Taking a time derivative
of the constraint value in (82), results in:
T

ij (i, Ti) = Lgf”)% = Aij (i) di5 = [ 4 ] &ijy

’ (83)
where A;;(z;;) € R'¥5 is the position-based constraint
Jacobian, with available closed form elements parameterized
by a;; € R3 [14], [15]. The time derivative of the constraint
rate in (83) takes the form:

Gij (Tijs Tijy ig) = Aij (g, &ig) g + Aij (i), (84)
where the concatenated agent acceleration vector Z;; con-
tains each agent’s total acceleration command as in (79).

A hard constraint may be enforced by selecting the agent
accelerations wu; within the concatenated agent acceleration
vector &;; such that ¢;;(t) = 0 for all ¢ > t; assuming that
the agent state at to satisfies ¢;(to) = 0, ¢i;(to) = 0 [15].
Such a hard constraint, similar to Nagumo’s condition (8),
may result in an abrupt control augmentation and may not be
robust to disturbances nor perturbations. Thus we introduce
a feedback-based constraint augmentation similar to the CBF
condition (9), in which agents have a buffer region with
interaction range 7, greater than the minimum separation
distance rs. This feedback-based constraint augmentation
couples the dynamics of the agent acceleration and constraint
acceleration within the buffer region to provide a buffer
region-based augmentation, similar to (10).

In the remainder of this section, the parentheses indicating
function dependencies are omitted for compactness of expo-
sition. From (84), the constraint acceleration is designed to
be coupled to the agent concatenated acceleration vector by
specifying the coupling dynamics of the form [14], [15]:

A

Ajjiij + Aijitij = iy & —kadij + kaug,,, (85)

where k) > 0 and k; > 0 are two user-defined gains and
Ug,; 18 a scalar coupling input to be specified shortly.
Using the principle of virtual work, note that [14], [15]:

T . . 5 .

ijc Viij € {dij | dig = Aijiig = 0}, (86)
implying that the constraint input action, u;; ¢, should be
orthogonal to the velocity vectors of the agent interaction
that satisfy the constraint velocity condition. Thus to satisfy
(86), the input action on the constraint is selected as a scalar

u. fx'ij = 0,

multiple of the constraint Jacobian:
(87)

for a time-varying multiplier \;; which will be subsequently
designed [14], [15]. Recalling that the constraint Jacobian

A;; encodes the constraint violation direction, the input
augmentation in (87) takes the form of a scalar multiple of
a vector along the constraint violation direction.

With coupled constraint dynamics in (85), agent dynamics
in (79), total input design in (80), and constraint forces-
based input increment in (87), the coupled constraint/agent
acceleration dynamics take the form:

Aijiij+Aij (wijor + AfNij) = bij = —kadij —kadij, (88)
where the constraint coupling input from (85) was designed
as ug,, = —A;; [14], [15]. The scalar multiplier from (88)
may then be solved for as:

A+ Aijuige + kadij

kx + [ Ay 2
From the parameterization of the constraint Jacobian in (83)
with constraint forces-based increment in (87) and multiplier
in (89), a distributed form [14], [15] of the inter-agent
collision avoidance increment may be designed for each
agent ¢ as the summation of the increment over neighbors
of each respective agent, i.e. agents within the interaction
distance r of one another as:

Uj,cf = Zje/\/(i) [ On}Asz)‘ij = Zjej\/(i) aijAij- (90)

Note the similarity between the CF physics-based deriva-
tion and CBF derivation. In particular, both CF and CBF
increments take the form of augmentations of baseline con-
trol inputs (c.f. (80) and (11)). The CF increment in (87),
respectively CBF increment in (12), furthermore both take
the form of a scalar multiple of a Jacobian function. The
Jacobian multipliers for both CF in (89) and CBF in (12) also
share comparable forms, where the CF multiplier includes a
scalar regularization, ky, in the multiplier denominator. This
scalar multiplier will be shown to form the key interconnec-
tion between plant and constraint dynamics in the stability
analysis outline presented in the remainder of this section.

We now outline a stability analysis for the setting of two
agents to elucidate the interconnection between an example
baseline tracking input design and the constraint forces-
based augmentation. The presented analysis follows from
[14], [15]. Given unique static desired positions for each
agent Z; ges, @ € {1,2}, a common form of the baseline
input to promote agent convergence to the respective desired
positions may be designed as:

Uij.cf = Aij)\z_p

Aij = (89)

Uit = —kp(Ti — Tides) — kDTi, on
where kp > 0 and kp > 0 are user-designed gains. The

baseline input in (91) takes the form of a weighted position
tracking error, with velocity-based damping. With concate-

. . . o T T T
nated desired position vector T;;ges = [deGS xjydes] ,
i =1, j = 2, a candidate function may be formed as:

2 2 . :
V= kTP Dzl = wiges|* + %Zi:1||37i||2 + ﬁ 12]‘

=E2 |\ 2i; — 25 des||? + S )1245]12 + ﬁ 3] (92)



The time derivative of V' in (92) may be expressed as:

V = kp(2ij — Tijuaes) | £ij + 5845 + ﬁéfh;éﬁu (93)
With agent dynamics in (79), total input design in (80),
Jacobian defined in (83), with baseline input in (91) and
constraint forces-based increment in (87), resulting in the
two-agent coupled constraint acceleration in (88), the time
derivative V' in (93) may be simplified as:

V = —kplla;|* — $247 <0.

94
Note that V in (94) is non-positive, which provides the core
foundation for stable design. It can additionally be noted that
the analysis outline with V" in (92) and V in (94) is expressed
fully with equality signs, thus resulting in an exact/non-
conservative analysis outline. The reader is referred to [14],
[15] for a further description of signal convergence, which
builds upon the outline introduced in here.

IX. DISCUSSION AND CONCLUSIONS

This paper presented a tutorial on techniques that leverage
CBFs for enforcing flight-critical operational limits. The
methods covered in this tutorial represent early efforts in
the development of CBF-based techniques for enforcing
operational constraints on flight-critical aerospace systems,
with many promising directions for future development.

At the guidance level, one of the outstanding problems in
the CBF literature is simultaneous state and input limiting.
The approaches discussed in Sec. II and III provide system-
atic approaches to constructing CBFs and their associated
controllers for state limits, but do not address input limits.
The backup CBF framework in Sec. IV addresses simulta-
neous state and input limits, but requires significant online
computation. Hence, despite the broad range of methods
developed in the CBF literature, computationally efficient
state and input limiting remains an open problem.

While CBF-based controllers at the outer loop (e.g. guid-
ance) are well-studied—and have been deployed on real
aircraft systems—comparatively less attention has been given
to inner-loop CBF flight controllers, where ensuring stability
and robustness properties such as classical gain, phase, and
time-delay margins is paramount. The servo-control archi-
tecture outlined in Sec. VI makes substantive progress in
this direction, but further development and maturation is re-
quired. One fundamental open question is mutual feasibility
of multiple operational constraints imposed on inner-loop
controllers, i.e., when there exist control inputs satisfying all
constraints simultaneously. The methods in Sec. VI illustrate
that when the limited output has a vector relative degree, then
the corresponding box constraints are mutually feasible. Yet,
determining feasibility for systems without a valid relative
degree, such as when there are fewer inputs than outputs,
remains an open challenge. These challenges are exacerbated
in the presence of input constraints, wherein the mutual
feasibility of multiple state limits must be jointly verified
alongside input limits, requiring one to construct a control
invariant set as discussed in Sec. IV. Hence, the efficient and
systematic construction of control invariant sets for aircraft
dynamics is also highly relevant.

Ultimately, we believe these open problems present a
rich opportunity at the intersection of aerospace control and
CBFs, requiring contributions from both applied researchers
in aerospace and academic researchers in the control com-
munity to develop mathematically rigorous but practically
applicable solutions.
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